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ABSTRACT

A k-c.c. iteration of a Prikry type forcing notion is defined. Applications to the
nonstationary ideal are given.

§0. Introduction

We define a k-c.c. iteration of a Prikry type forcing notion. Such iteration
looks much easier when applied to problems connected with extending elemen-
tary embeddings, than the Magidor iteration of the Prikry forcing [Ma 1]. Using
this iteration, we define a natural forcing for changing cofinality of a cardinal
without adding new bounded sets, which replace Mitchell’s complete iteration
and decoupling [Mi 2].

As an application, we prove the following two theorems.

THEOREM 1. Assume G.C.H. Let p a regular cardinal and for some k =
there exists a sequence of rormal ultrafilters on «

U<U<---aU, <+ (a<p)
where u' = +1 if p <k and p' = k otherwise,

so that U, concentrates on the set {a <k la is o "-strongly compact (or
a *-supercompact)}.

Then there exists a forcing notion P so that in V" the following holds:

@ p' =xkif p<x;

(b) all the cardinals below (1) and above x are preserved if w <k, and «

resains inaccessidle if k - 1
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(¢) G.CH;
(d) NS, (the nonstationary ideal on «) is precipitous.

Models with NS, precipitous for «k =8, N, were previously known, see
[J-Ma-Mi-P], [G 2]. Also H. Woodin constructed a model with precipitous ideal
over P, (k") whose projection to « is NS,, for an inaccessible «. By T. Jech [J 2],
for w > K., if it is possible to drop the assumption that U, concentrates on the set
of {a < x | & is & *-strongly compact or a is & '-supercompact} in the statement
of Theorem I, then the equiconsistency result holds.

Shortly after Theorem I was proved, M. Foreman, M. Magidor and S. Shelah
[F-M-S] found another way of making NS, precipitous. They proved that after
collapsing a supercompact (or even a superstrong) cardinal to x* the NS,
became precipitous. It is unclear which initial assumption is weaker. Our feeling
is that the method of Theorem I should give the equiconsistency result.

TueoreMm 1. Assume G.C.H. Let k be a cardinal so that there exists a
sequence of normal ultrafilters on x

U<U<---<qU, <+ (a < k)

s.t. Uy concentrates on the set {a <k fa is a-supercompact}.

Then there exists a forcing notion P so that in V" the following holds:

(a) « remains inaccessible,

(b) G.CH,;

(c) there exists a stationary subset S of k so that
(1) forevery regular cardinal a < «, S N{B <« 'cof B = a} is stationary,
(2) NS, IS (the nonstationary ideal restricted to S, i.e. the set of all A C «

s.t. AN S is nonstationary) is k *-saturated.

The following easily follows from Theorem Il

CoROLLARY. In V7, the forcing with NS, | S preserves all the cardinals, it does
not add new bounded subsets to k, and for every regular a < x there exists a

3

condition forcing “cfk = .

Previously, H. Woodin starting from a measurable k constructed a model with
NS, [ S «'-saturated for S C{a ’ a is regular}. By [Mi 2] we need at least a
measurable x of the Mitchell order « for the conclusion of Theorem I1. Once
more we conjecture that the assumption, that U, concentrates on the set
{a <« , o 18 o -supercompact}, can be dropped in Theorem . And so the
equiconsistency tiolds. It is wnknown if the full nonstationary ideal can be

saturatzd over an inaccessible.
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The paper is organized as follows. In §1 we define a k-c.c. iteration of forcing
notions satisfying the Prikry condition. In §2 the forcing for adding a sequence of
order type o - is defined. It already contains the ideas needed for adding
sequences of higher order type, which is done in §3. In §4 and §5 models for
Theorems I and II are constructed.

Our notations are quite standard. We refer to T. Jech’s book [J 1] and the
paper of A. Kanamori and M. Magidor [K-Ma] for basic definitions and notions.

§1. «k-c.c. iteration of forcing notions satisfying the Prikry condition

Let (P, =) be a forcing notion whose conditions are pairs of the form (p, A),
where p is a finite sequence. Let us call a condition (g, B) a Prikry extension of
(p, A) (or just P-extension) if (q, B) = (p, A) (is stronger) and q = p. We say that
(P, =) has the Prikry property (or satisfies the Prikry condition) if for any
(p, AYE P and a statement o of the forcing language there exists a Prikry
extension (p, A") of (p, A) deciding o, i.e. (p, A"} IF o or {p, A’) - 1 @. Notice that
any forcing is isomorphic to the forcing of the above type. Just add the empty
sequence to its conditions.

We shall shrink the class of forcing notions we are interested in as follows. For
(P, =) as above and a cardinal «, let us say that (P, <) is «-weakly closed if for
every increasing sequence ((p, BB)IB <y <a) of elements of P there exists
{p, B) € P stronger than every (p, B;), 8 <.

Clearly, every a-closed forcing satisfies the Prikry condition and it is « -weakly
closed. But also the Prikry forcing, the supercompact and strongly compact
Prikry forcings on « are such. For appropriate «, the Magidor and the Radin
forcings, and the Magidor iteration of the Prikry forcing have these properties;
see [Ma 2], [R], [Ma 1]. In §2, §3 we shall define other forcing notions of this
type. By K. Prikry [P], an a-weakly closed forcing having the Prikry property
does not add new bounded subsets to a.

We are now going to define the iteration of forcing notions of such a kind.

Let A be a set consisting of inaccessible cardinals. Denote by A' the closure
of the set A U{a+1|a € A}. For every « € A" define by induction %, to be
the set of all elements p of the form {(gy,Ay)' v € g}, where

(1) g is a subset of a N A;

(2) g has an Easton support, i.e. for every inaccessible B=a, B>

|domg N B[;
(3) for every y €Edomg

ply={g. A |BEYNgle?,
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and

plylte “g, is a finite sequence, (g,, A,) is a condition in a
v-weakly closed forcing notion , satisfying the Prikry condi-
tion and if y' is the least element of A above ¥, then

Q="

Letp= (gT,AY)Iy €glqg= {(fy,B,)’y € f} be elements of #,. Then p=¢q
(p is stronger than q) if the following holds:

(1) g2f;

(2) for every yEf

plyks “(f,, B,)=(g,, A,) in the forcing Q,";

(3) There exists a finite subset b of f so that for every y&f—b,
plyks “f, ="

REMARK. The main difference between %, and the Magidor iteration of the
Prikry forcing [Ma 1] is that in 2,, instead of the full support in the second
coordinate, only the Easton support is allowed. We shall show that %, still has
most of the nice properties of the Magidor iteration and in addition it satisfies
a-c.C.

Let a€A', p={g,.A)|yEgle?. For BEanA’, plip=
{g,, Ay>l v € B N g} is a condition in P,. In the same fashion let us denote for
every B <a by p[B the set{(gy,Ay)lyEB N g} and by P, the set {p| B |p€
?.}. Denote also by p~ B the set {(g,,A,) [ yEg- B}

DefINITION 1.1, Let a €A’ and p ={<gy,Ay)!-y €gl q ={(f,,B,)| v Ef}
be elements of .. Then p is an Easton extension (or E-extension) of q (pe = q)
if p=q and for every yEf, plykts, “g, =Ff,".

For an ordinal B, p is an Easton extension of g above B if p = q and for every
yEf-(B+1), plyks, “g ="

LEmma 1.2. Let (p,
Pl (B+1)=p,1(B+1) and p. eZp,, for every o, = o,. Then there exists
PEP, sothatpl(B+1)=p,1(B+1) and pe=p, for every o <.

o< B) be a sequence of elements of P, so that

Proor. Let p,={(g,., Aw,>| vyeg} for o<B. Define g to be
Ulg, 'a' < B}. The equality p,, [(B+1)=p.,[(B+1) implies that g has an
Easton support. For y (B +1)N g all A, ., g,. are the same. Set B, = A, and
f, = g0, for such y’s. Define

pl(B+1)={f, B,y Edomgn(B+1).
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Continue the definition of p by induction. Suppose that for some 7, p{7 is
defined so that p[7eZ p, [ 7 (0 < B). If there are now elements of g above 7,
then we are finished. Otherwise let y be min(g~ 7). Set ply=pl{r Let p<p
be the minimal s.t. y € g,. Then

plyts “(g,. Avo) ‘ p = o = B) is an increasing sequence
of conditions in a y-weakly closed forcing notion Q,”.

So for some ?,-name B,, plvys, “(g,,, B, is stronger than every (g,,, A,..)
(p<o<B). Set pl(y +1)=plyUl(g. B)}. It completes the inductive
definition. O

LeMMA 1.3. Let a be a limit point of A. If « is a Mahlo cardinal, then 2,
satisfies a-c.c.

The proof uses the standard A-system argument.

Lemma 1.4, Leta €A', p € P, and o be a statement in the forcing language
appropriate for P,. Then there is an Easton extension p* of p deciding o, i.e.
p*lkoorp*iF—o.

RemARK. The lemma is a weak analog of the Prikry condition for 2,.

Proor. Let p ={(g,,A,)| y € g} and B be the minimal element in g. We
assume that g# <, otherwise simply replace p by some of its E-extension with
g~ Q.

Let G be a generic subset of Pp.,, so that p[ B +1& G. We shall mean by
p(B+1)={g,A)|yEg—(B+1)} the interpretation of it in V[G], i.e. an
element in the forcing #,/G. Define now p* € 2,/G. If there exists some
q € ?./G, an E-extension of p~ (B + 1) deciding o, then set p* to be some such
q. Otherwise set p* =p-~ (B +1). Then p* looks like {(g%,A%) I v € g*}, for
some g*€V and ?,/G-names g*, A*. Let p* be a Py -name of p*. We
would like to turn p* into a condition. The problem is that different elements of
%P, can force g* to be different sets in V. But we can just take the union of all
such possible sets. By the cardinalities assumption on A and 2, .,, this union will
still have an Easton support.

So let us assume from the beginning that the set g* in p* is not a
name of a subset of A, but it is really a subset of A. Then p* will look like
{(g’;,A’;‘)‘ v € g*} for some ?,-names g% and A%. Also p (B +1)U p* will be
a condition in ?,. Clearly, it is an E-extension of p.

Let ¢ be the statement “p*{¢”. Since &= p| Bt “Q, satisfies the Prikry
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condition”, for some P;-name A}

gu_-“}’fs “<gB’ ;‘;>N(P and <gB7A>E>§<gB’AB>”~

Define now a ?;-name A}*.

Let G be a generic subset of 2. If, in V[G], (g, A%)F—1¢ then set
A%* = A%. Suppose now that (gs, A% - ¢. Then let A§* be so that (g, A}*) =
(gs, A%) and (gs, A5*) decides “p*IFo”. Clearly, then (g, A3*)F—1(p* o)
will imply that (g, A3*) F(p*F—10).

Now, return to V and define

p(1)={(g., A"} Up*.

CraiM 1.4.1.  Let q be an E-extension of p(1) above B, then q ' o iff
qIBUp()~BlHo
where i€2 and ‘o =0, 'o="10.

ProoOF. Let g be an E-extension of p(1) above B and g 0. Thecase g+~ o
is the same.

ql(B+Dks,. (g~ (B+1)is an E-extension of p-. (8 +1) and it forces o).
Then by the choice of p*

g1 (B+1)IF(p* forces o).

So q [ Bts, ({qs, Bs) o, (p* forces o)) where (g, B,) is the pair in g standing
on the place B. By the choice of (gs. A%*), then

q [B "\‘-‘/’e ((gﬁ’ ATS*> "—Qa (p* forces U))
Hence

g BUp(H<Blro. (] of the claim.

Let us define now an increasing continuous sequence of ordinals
(B(o) ] ()< ¢ =) and an E-increasing sequence (p(a), o = 1) of elements of
P, so that

(1) forevery g = p(o + 1) which is an E-extension of p(o + 1) above B8(o +1)

g+ o ift
qIBE+DHUpG+DHBB+DIHao
where i €2 and ‘o =0, 'o="10;

@) p(@+DIBE+1)=p(8)IB(6+1);
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(3) p(8)=1{(g(s), A,(S))‘ for some g(8)CA and %,-names g, (d),
A, (8), yE(d)
4) for a limit &
g(8)= U{g(8)] &' < 8};
(5) 7 is the least ordinal & so that g(8)7={B(8’)’ 8=8', & is a successor
ordinal};
(6) it 1< 8 +1=n, then

B(8 +1)=min(g(8)—(B(3)+1)).

Set p(0)=p and B(1) = B. p(1) is already defined and by Claim 1.4.1 it satisfies
(1.

Suppose now that the sequences (B(S’)|O< &' < 8) and (p(5’)| §' < §) are
defined. Assume that § =< 7, i.c. there is no & < 8 satisfying (5). Otherwise we are
done.

Cramm 1.42.  For every limit £ <8, B(£) is singular.

ProoF. Suppose otherwise. Then B(£) = &, since the sequence (B(S’)' &' < &)
is increasing and continuous. But g(¢&)= U{g(‘o")‘ 8' < ¢} and by (5), (6) g(&)
contains the set {B(&'+ 1)[ 8' < &} of cardinality & It is impossible, since
p(&) € P, and hence for the regular cardinal £ |g(§)N €| < & [lof the claim.

CLAIM 1.43. For every £ <8, g(£)—(B(§)+ ) #QD.
ProoOF. Since ¢ <8 =, by (5), (6)
g(&)2{B(' + )| 8’ < ¢&}.

Pick some y € g(£)—{B(5'+1)| 8’ < &}.

Let us show that y> B(£). Suppose otherwise. Then y<<pB(§), by its
definition if £ is a successor ordinal, or by Claim 1.4.2 if £ is a limit one. Pick the
minimal £ < ¢ so that B(£)=y <B(£'+1). As above y# B(&¢). By (6),
B(& +1)=min(g(&)— (B(£')+1)). Hence y& g(&'). But (2) implies that

giENNBE+N) =g+ 1)NBE+1)="--=g(E)N B(&' +1).
Hence y& g(&). Contradiction. {Jof the claim

Suppose first that § = ¢ +1. Then g(¢)—(B(&)+ 1) # I, by Claim 1.4.3, and
we define B(8) as in (6). Define now p(8) in the same fashion as p(1) was
defined.

Suppose that & is a limit ordinal. Define g(8) = U{g(5")| 8’ < 8}.
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CLaiM 1.4.4. For every inaccessible cardinal A, |g(8)NA|<A and
{(B(8")| 8"=8}N A is bounded in A.

Proor. Let us show first that {8(5')| 8’ = 8} N A cannot be unbounded in A.
Suppose otherwise. Then, since g(8) D {B(8'+1) | 8 <8}, 1g(d)NA|=A

Let ¢(8)=U(g(8’)NA) for 8 < 6. Then ¢ is a nondecreasing continuous
function whose range is unbounded in A.

Let £={8"<$§ ( B(8')< A}. Then by Claim 1.4.2, £ = 4. Hence (B(S’)( &' < 8)
is an increasing continuous sequence unbounded in A. So there exists a limit
ordinal 8§ <A  such that 3,=c(8)=8(8) Then B(S+1)=
min{g(8,) — (8, + 1)) > A. Contradiction. Hence {8(8’) [ 8'= 8} N A is bounded in
A

Let 8,={8'<$ | B(8")< A} Clearly 8§,<A. If §,=38, then [g(8)NA|<A,
since |g(§)N A< A for every £ <8 and g(8)= U{g(g)lg < 8}. Suppose that
8y < 8. Then

B(8,+ 1) = min(g(80) — (B(8s) +1))> A.

Now (2) implies that g(8,)N B(8,+1)=g(8)NB(8,+1). Hence g(6)NAC
B8+ 1 <A [ of the claim

Now let us define p(8). Let ¢ € Py, be sothat g [ B(8'+1)=p(8")] B(8'+1)
for every 8'< 8. By (2) such g exists. Set p'(8')=q N p(8)~ B(3). Then
<p'(8’)| 8’ < 8) is an E-increasing sequence so that p'(8")[(B(8)+1)=gq for
every 8'< 8. Let pE P, be as in Lemma 1.3. Then p[(B(8)+1)=4q and
pe=p'(8’) for every 8’ < 8.

Set p(8) = p. It completes the construction of the sequences (3 (8) ‘ o<éd=mn)
and (p(3)] 8 = n).

Set now p*=p,. Let p*= {(g*;,At)’ v Eg*}. If there exists some E-
extension of p* deciding o, then we are done. Suppose otherwise. Let ¢ = p* be
a condition deciding o. Let q = {{f,, BY>‘ v E f}.

By the definition of the extension there exists a finite subset b of g* so that for
every y&Eg*—b

q [y li_ppy “fy — gd:”'

Denote by y(q) the maximal element of b.

Pick a condition s = p* deciding o with y(s) the minimal possible. Since
y(s)E g*, by (5), v(s) = B(8 + 1) for some & < 7. clearly, s is an E-extension of
p* above y(s). So, by (1)

si=s[BB+DHUp* - BB +1)|o.



288 M. GITIK Isr. J. Math.

But y(s,) is clearly less than y(s). Contradiction. It completes the proof of the
lemma.
Notice, that already s [ (1)U p* | o O

LeEmMA 1.5. Let « be a limit point of A. Suppose that 2" =a”, « is a
measurable cardinal and there exists a normal ultrafilter U on a so that
ANa@gU Then U extends in V’ to a normal ultrafilter.

ProOOF. Letj: V— N = V*/U be the canonical elementary embedding. Let
(A, | v < a") be an enumeration of all canonical %,-names of subsets of a.

Pick G a generic subset of ?,. By the definition of 2., j"(G)= G. Define by
induction an E-increasing sequence (p, | vy < a) of elements of P;.,/G so that
for every y < a', p,.i|l@ € j(A,). Every initial segment of the sequence will lie
in N[G]. On successor stages let us apply Lemma 1.4 and on limit, Lemma 1.2.
Note that a & j(A) and so every forcing notion in the iteration %,,,/G is
a”-weakly closed.

Define now an ultrafilter U’ in V[{G] as follows. For A C « set A € U’ if for
some y<a', some P,-name A of A in N[G]

Py Fieva@ € J(A).

Since j7{G) = G, the definition reaily does not depend on a particular name of
A. The checking that U’ is a normal ultrafilter extending U is standard. O

The next lemma follows from Lemmas 1.2, 1.3 and 1.4.

Lemma 1.6. Let a Mahlo cardinal « be a limit point of A. Then for every
B = a, a remains a cardinal in V.

By stengthening assumptions on Q.’s (« € A) it is possible to say much more
about preserving cardinals. For example, if Jl, “[Q.|<a'” for every a € A,
where a' is the least element of A above « (if there is any), then all elements of
A will remain cardinals.

Let us describe briefty another way of iterating weakly closed forcing notions
satisfying the Prikry condition. We shall shrink the class of allowed Q,’s. But it
really will cover most of the applications below.

Define %, to be all p of the form {(g,. A, | y € dom g}. where:

(1) g is a partial Easton support function on a N A, i.e. for every inaccessible

B=a, B>|domgNB|;
(2) for every y&domg, g(y)=g, is a finite sequence and p | y =
{(gs, Ap)| B € y Ndom g},
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ko, “(gy, A, ) is a condition in a y-weakly closed forcing notion Q, of
cardinality v’ satisfying the Prikry condition, where y' is the least
element of A above y or if y is maximal in A, then y" =",

Let p=1{(g,,A,)|yEdomg}, g = {{f,.B,)| y €dom f} be elements of P,.
Then p = q (p is stronger than q) if the following holds:

(1) dom g Ddomf;

(2) the number of y’s in dom f, so that g, # f,, is finite;

(3) for every y €dom f

p [ Y "’_975 “<fv7 BY> = <g7’ A7> iI’l the forcing QY”'
Let B < a. Denote

Ps={pEP, ’p is of the form {(g,, Ay>| v € dom g}, where A,
does not depend on P, for every y €dom g~ B}.

Suppose that for every B, P,z.i 1s dense in P,. Under this assumption,
Lemmas 1.2-1.5 can be proved in the present situation.

Such defined iteration can be used in §§2-4 but it is not good for the
construction of a model with NS, | S-saturated.

§2. Changing cofinalities without adding new bounded subsets: adding a
sequence of the order type w - @

We are going to define a forcing notion replacing Mitchell’s complete iteration
and decoupling [Mi 2]. We present first the simpie case, adding a sequence of
order type w - w. It will contain most of the ideas needed for the general case.

Assume G.C.H. Let U(k,0), U(k, 1) be two normal ultrafilters on « so that
U(x,0)<1 U(x,1) (i.e. U(x,0) belongs to the ultrapower by U(k, 1)). Fix a
sequence of normal ultrafilters (U(B, 0)‘ B € A) representing U(a,0) in the
ultrapower, for some A Ck, A € U(x,1)— U(x,0). W.lo.g. assume that for
every BE A, ANBE U(B,0).

In the first stage we shall change the cofinality of every « € A to w iterating
the Prikry forcing.

Set P+, = the Prikry forcing with U(ay,0) where a, is the least element of A.
We refer to [P] or [K-Ma] or [J 1] for the definition and the properties of this
forcing notion.

If « is a limit point of A, then let ?, be the iteration defined in §1. Let o’ be
the least element of A Z a (if a# k). If &’ > a then by Levy-Solovay [L-S]

U(a',0)={X Ca'| X € V’ there exists X' € U(a',0) X D X'}
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is a normal ultrafilter on &' in V”=, Set Q,. to be the Prikry forcing with U(a',0)
and P, =2, *Q,.

Suppose now that a’ = @, i.e. « € A is a limit point of A. Then by Lemma 1.5
U(a,0) extends to a normal ultrafilter in V”=. For our purpose we need to pick
an extension of U(a,0) more carefully. Let us fix from the beginning some
wellordering W of V, (the sets in V of rank < A) s.t. for every inaccessible
B <A

WV, vV, &8,

where A is a cardinal much above all the cardinals we are dealing with. Now, the
only changes we need in Lemma 1.5 are the following: Pick the sequence of all
canonical %,-names of subsets of a (A, \ y<a’) to be a jo(W)-least such
sequence in N, and for y < a " pick also p, to be j( W)-least, where j,: V— N, =
V*/U(a,0).

Let U {«,0) be such a defined ultrafilter. Set Q, to be the Prikry forcing with
U(a,0) and ?,,,= P, * Q,.

The second stage is to define in V” a forcing notion adding to « a cofinal
sequence of order type w - @ without adding new bounded subsets of k. We shall
first extend the ultrafilters U(k,0) and U(k,1) in V7

Let ji: V— N, = V*/U(«,i) be the canonical elementary embedding, for
€2

Pick G C 2. as generic subset. Let U(k,0) be the normal ultrafilter extending
U(x,0), defined as Lemma 1.5 using j( W) in N,. Let U'(,0) be the ultrafilter
having the same definition as U(x,0) but defined in N,[G]. Note that U(a,0) €
N..

Lemma 2.1. U(a,0)= U'(a,0).

Jo(x)

PROOF. Let jm: N()—) Nm = N(; /j()( U(K, 1)) and jm: Ng il Nn) = N\/U(K, 1)
be the canonical elementary embeddings. Then Ny = N,,=4 N and the follow-
ing diagram is commutative.

Jo
V—— N,

h l l}(>{
Jro

N — N

The first ordinal moved by j,, is ji(x) and N,N"*’N C N. Hence

NU

JoG W] Vi = oGl W) | Vi = jol(W) | Vi



Vol. 56, 1986 CHANGING COFINALITIES 291

So the minimal sequence (AVH<K+>EN(. is also such for N. Clearly,
Jo(k) = ju(k). Also, P, is the same forcing notion in N, and N, since
P iy C Vi, = V., . Hence U(a,0), U'(a,0) have the same elements. O

Let us define now the ultrafilter U(k, 1, t) extending U(k, 1), for every finite
increasing sequence t of ordinals less than «.
In Nl,

g)h(x) = 9;<+1 * g)jl(K)/@K+l

and ?,.., = P, * Q,, where, by Lemma 2.1, Q, is the Prikry forcing with U(x, 0).
Let (A, | v < k") be the j(W)-least enumeration of all canonical %,-names of
subsets of a. Using Lemmas 1.3, 1.4 define a sequence of %,.,-name of elements
of P/ Peir Py \ vy < k") so that

(1) for limit y < k™

Peri — 1
b

|| p, is the j.( W)-least E-extension of (pyvl v <)

(2) for every y <«”

Prrt — ]

| p,+: is the j,(W)-least E-extension of p, deciding “& € ji(A,)”
Work in V[G]. Define U(x, 1, ), for a finite sequence t of ordinals less than «,
as follows:
cCe U1, if CCk and forsome re G, y<«k",
Be U(x,0), inN,
ru{L B} Up, R €(C),

for some names C, B of C and B.
LemMmA 2.2, U(k,1,t) is a x-complete ultrafilter extending U(x,1).

Proor. The definition of U(k, 1, t) does not depend on a particular name C
for C, since by the definition of %, ji(G)= G. Also the definition is indepen-
dent of the choice of B and its name B, since conditions (t, B)), (t, B,) are always
compatible, namely {t, B, N B,) is stronger than both of them.

Clearly, U(k,1,t) D U(x,1).

Let us show that U(k, 1, t)is a k-complete ultrafilter. Let, for some a < k,

s, (Cy , B < a)is asequence of subsets of « so that | Cs =«".

B<a
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Then, in N,

Ds, ., Gi(Cs) | B < a)is a sequence of subsets of j,(k)
sothat |J ji(Cs) = ji(x)”.

B<a

For every 8 < a there are r € G and a3 <« so that r, C; = A,,. Let, in
VI[G], v =Uj-.a;s. Then for every B <a

Ip, || & €71(Cs)

Let y be a ?,-name of such defined in V[G] ordinal vy. Since 2, satisfies
k-c.c. there exists an ordinal ¥ < k* so that @, ¥ = y. Hence

%=1,

Ip; || & €ju(C)HIP =1,  for every B <a.

Consider in V[G] Q,-statements gz =p; F & € j,(C;) for B < a. Then there
exists B € U(a,0) so that (t, B) decides o for every 8 < a. Then thereis 8 < «
s.t.

(t, B)lFo, “psy F & € i(Cs)”.
Hence for some r € G

ria, (£, B) o, (py F & € j1(C5))).
Butthen Gz € U(x, 1,t). O

Note that U(a, 1, t) is not normal since the set A € U(a, 1,t)and every B € A
is of cofinality @ in V[G]. But it follows by Baumgartner [B] and Lemma 1.3
that U(xk,1,t) contains all closed unbounded subsets of «.

It is also not hard to see that (N{U(k, 1, ) l t € [k]"}is a normal k *-saturated
filter over «.

A k-complete ultrafilter containing all closed unbounded subsets of « and
concentrating on singular cardinals, and a « *-saturated normal filter concentrat-
ing on singular cardinals were constructed previously by Mitchell [Mi 2].

We are starting now to describe the forcing notion for adding an unbounded
sequence to « of the order type w - w. Work in V[G]. Denote by by, for B € A,
the generic sequence added to B by G, i.e. {BYU{t }for some r € P, N G, some
Pg-name B r U {(t, B)} € G}. For finite subset n C A, set b, = U{b, |B €}

Let us call a finite increasing sequence of ordinals (8, ..., 8,_) 2-coherent if,
for every i < n so that § € A, {3, l i* =j <i}is an initial segment of b, where
i* =i is the minimal so that for every i* =j <i, §& A.
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DeriNiTION 2.5. A 2-tree T is a tree consisting of 2-coherent sequences so
that for every n € T the set of immediate successors of 5 in T, Sucs(n), is a
union of two disjoint sets Sucry(n) and Sucy,(77) such that

Sucry(n) € U(k,0) and Sucy,(n)€ U(k, 1, n(1)),

where for a 2-coherent sequence 1 =(8,,...,8,-1) (1) is the empty sequence,
unless 8, & A. If 5, & A, then let i* be the minimal i < n s.t. for every j =,
j<n, §&A. Set n(1)={5;-,...,8,.1).

For an element 0 of a 2-tree T, denote by T, the set of all v € T, v extends 7
in T.

Define now the forcing notion.

DErINITION 2.4, Let 2 (k,2) be the set of all pairs (¢, T), where t is a
2-coherent sequence and for some 2-tree T, s.t. t€T', t =T,.

For (t,, Ty}, {t,, To) in P(x,2), let (t,, T,) =(t,, T,) if there exists n € T so that

(a) bn = b!za

(b) for every vET,, n {6 Ev I & > max n} is an element of T,,.

This definition is motivated after the Prikry forcing (namely the strong
compact version of it) [P] and the Magidor forcing [Ma 2].

Notice that the finite sequence t in a condition (t, T) provides really the
information about the infinite sequence b,. We shall show in the next section in a
more general situation that P(k,2) satisfies the Prikry condition. The complet-
ness of the ultrafilters U(xk, 0) and U(x, 1,1), t €[], implies that the forcing
P(k,2)is k-weakly closed. So P (x,2) will not add new bounded subsets to k.

§3. Changing cofinalities without adding new bounded subsets: the general
case

Assume G.C.H. Let U be a coherent sequence of ultrafilters, i.e. a function
with domain of the form

{(e, B)| @ < 1Y and B <0%(a)}

for an ordinal Y, the length of U, and a function Oo(a), the order of U at a. For
each pair (o, ) €dom O,

(1) U(a, B) is a normal ultrafilter on a, and

(2) if j5: V> Ni= V*/U(w, B) is the canonical embedding then

jsOta+1=Ul(aB),
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where
Ula=0UM(',p)]a'<a and B'<07%(a)}

and
Ule, B)= Ul{(a’, B)] (¢’ < @ and B’ < 0%(a’)) or (' = & and B’ < B)).

The notion of the coherent sequence of ultrafilters was introduced by Mitchell
[Mi 1]. We refer to his papers [Mi 1], {Mi 3] for more details on this subject.

Denote by dom, U the set of all «’s such that for some 8, (o, B) € dom U. Let
us assume that a« € dom, U implies that 0”(a)= 1. Assume also that for every
a €dom, U, OU(a)é a.

We are going to add a cofinal sequence to every a in dom, U. The order type
of this sequence will depend on 0Y(a). By induction on «€
closure(dom, U U{B +1 \ B € dom, U}), we shall define forcing notions 2. 2,
will take care of adding cofinal sequences to every element of « N dom, U. For a
a limit point of dom, U, define ?, to be the iteration described in Section 1. If
a €dom, U but it is not a limit point of dom, U, then 0(a)=1 and the
cardinality of the forcing below « is less than . So, by Levy-Solovay [L-S],
U(a,0) generates the normal ultrafilter in the extension. Let %, be the forcing
below . Set Q, to be the Prikry forcing with U(a,0)in V™ and 2,,, = P, * Q..
Suppose now that @ €dom, U is a limit point of dom, U. Let us define the
forcing notion O, we shall use on a. Let G be a generic subset of 2,.

For B8 <a, B €dom, U denote by by the generic sequence added to B, i.e.
U{t ’for some r € #;, N G, some P, name Tr U{(f, T)} € G} U{B}. For a finite
sequence i C dom, U N« set b, = U{b, |B € n}. For B& dom, U set b; ={B}.

Dernimion 3.1, Let B €dom, U N (a +1), y =0Y(B).

A finite increasing sequence {8y, . .., §,_,) of ordinals less than 8 is y-coherent
if

(1) y =0 implies that (8,,...,5,-,) is the empty sequence,

(2) for every i <n, 0°(8)<,

(3) for i <n, let i*=<i be the minimal s.t. for every j, i*=j<i, 0Y(§)<
07(5,).
Then for every i <n, U{bs 1 i*=j <i}is an initial segment of b,

The following lemma follows easily from the definition.

LEmMa 32. LetB, ybeasin 3.1 and (y,...,8..,) be a y-coherent sequence.
Then
(a) (8o,...,8) Is a y-coherent sequence for every i < n,
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(b) (8i-,...,8) is a y-coherent sequence for every i < n,

() (8o,...,8.) (&,....En) is a y-coherent, where (&,...,&,) is 0Y(5,)-
coherent,

(@) if vi> v, then (8y,...,8.) is yi-coherent.

Notice that the 1-coherent sequences are exactly the finite increasing sequen-
ces of ordinals of U-order 0.
The next lemma is obvious.

LeEMMA 3.3. Let B,<PB. be elements of dom,U. Suppose that y=
min(0° (B,),07(B.)). Then every y-coherent sequence for B, is also y-coherent for

B-.

For every B €dom, U N(a +1), y =0Y(8) and a y-coherent sequence ¢ for
B, we shall define a forcing notion P(f, y) and, for y <0Y(B), aset U(B, v, 1)
which, as will be shown later, will be a B-complete ultrafilter extending U(B, v).

Let us fix B. Suppose that (?/’(B,y’)[ v' <) and (U(B, v/, t), v <y, tisa
v'-coherent sequence for B) are defined. Define first 2(B,y) and then, if
y <0Y(B), U(B, y,1), for a y-coherent sequence t.

Set P(B,0)=¢J. Define P(B, y) for y>0.

For a y-coherent sequence 1 = (7, ..., T,..) and y' < v, let us denote by 1n(y’)
the empty sequence, if OU(T,,, 1) = v’ or, otherwise, the sequence (=, ..., 7.1 for
i the least s.t. for every j, i =j <n, 0%(r;)<¥'. Clearly, n(y’) is a y'-coherent
sequence.

If for some y-coherent sequence 7, some y' <1,

{(6<B ! 1n"(8) is y-coherent} & U(B, v', n(y"),

then set P(B, y) = . Suppose otherwise, i.e. for every y-coherent sequence 7,
every y' <y,

{8 < B|n"(8)is a y-coherent sequence} € U(B, v, n(y")).

DEerINITION 3.4. A y-tree is a tree consisting of y-coherent sequences so that
for every n €T,

Sucy (T’): U Suc?’.y'(n)a
where Sucr.,(n) is a set in U(B, v, n(y')).

Remark. The tree of all y-coherent sequences'is a y-tree.
For an element 5 of a y-tree T denote



296 M. GITIK Isr. J. Math.

T.=veT ! v extends n in T}.

DErFINITION 3.5.  P(B, v) is the set of all pairs (¢, T), where ¢ is a -y-coherent
sequence and for some y-tree 7', so that r€T', T =T,

DeriNtTION 3.6, Let (¢, T)), (t, T>) be in P(B, v). Then (t,, To) = (t,, Ty if
there exists n € T, so that

(a) b, = b,

(b) forevery vE€ T,

n{oevr ‘ & > max n}is an element of T,,,.

In case t, = t,, let us call {f,, T>) a Prikry extension (or P-extension) of (t,, T})
and write (t,, T,)=p{t;, T\).

Suppose that y <0Y(B). Define U(B, v, t) for a y-coherent sequence t.
Let W be some fixed from the beginning, wellordering of V, s.t. for every
inaccessible § <A

W] Vs: Vs 8,

where A is a cardinal large enough.

Let (Ayvl v' < B*) be the j§(W)-least enumeration of all canonical %;-names
of subsets of B. Using the inductive assumptions on Pjeg, in N%, applying
Lemmas 1.3 and 1.4, define a sequence of P, -names of elements of P,ss)/ Py,
(pyll v' < B7), so that

(1) for limit y' < B*

|| p, is the j5(W)-least E-extension for (p,/v] vy <y =1,
(2) for every y' < B”
|| py-+: is the j8(W)-least E-extension of p,, deciding B € j&(A,)" |7 = 1.

Now, for AC B, A € VIG N Ps]set A € U(B, v, t) if for some r € G N Py,
4 B8
v' < B",some name A of A and a Pg-name T so that r U{(t, T)} € Py7,,in N8

rU{(t, THU p, I B €5(A).

Suppose that for every 8 € dom, U N a the following holds.

(A) For every vy <09(B), every y-coherent sequence f, U(B,v,t) is a
B-complete ultrafilter extending U(B, y).

(B) For every y' <y =0Y(B), every y-coherent sequence i,

{6 <B ] t"(8)is a y-coherent sequence} € U(B, v', t(y")).
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(C) For every y <0Y(B), every y-coherent sequences t,, ts, if b, = b,,, then
UB v 1h)=U(B v 1).

(D) 2(B,07(B)) is the forcing notion used on B.

(E) P(B,0°(B)) has the Prikry property, i.e. for every statement of the
forcing language ¢ and every condition (¢, T) there exists a Prikry extension of
(t, T) deciding o.

Let us prove (A)~(C), (E) for a and use the forcing P(a,0"(a)) over a.

LeEmMMmA 3.7. Let y <0Y(a). Then

(1) for every v'<vy and a +y-coherent sequence t, U(a,vy',t) is equal to
U(a,v',t) in the sense of N5|G],

(2) P(a, y) is the forcing used on a, in N3{G].

PrOOF. (1) Let js: Ni— N;, =(N)¥/j5(U(a,v)) and j,s: N5— Ny, =
(N%)*/U(a, 8) be the canonical elementary embeddings, for 8 <y <0"(a).
Then N,; = N;, =« N and the following diagram is commutative.

v— " L nNo

Jr ! l Jov
jr?’

N, —— N
The first ordinal moved by s, is ji(a). NeN> N C N§. Hence
b GSOWD] VE = sy o (W] Vi = s (W) V.
Applying this for 8§ = 0, we obtain that the minimal sequence (A, ' v <a’)E N§
is also such for N.
Now let § = y'. The forcing P;2()is the same in N3, N§since j3{a) = j,, (a)
and

a Ny = N
Piy@C V= Vi -
Hence U(a, y',t) in the sense ot N3[G] is U(a, v/, t).

(2) It follows from (1) and (C). O

Len}ma 3.7 and (A), (B), and (C) for B < a imply (A), (B) and (C) for every
y <0Y(a) so that y+1<0%(a). So (A)~(C) holds if 0”(a) is a limit ordinal.
Suppose now that 0”(a)=y +1 for some 7.

LeMMa 3.8. For every vy-coherent sequence t, U(a,v,t) is an a-complete
ultrafilter on « extending Ul(a, v).
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Proor. By Lemma 3.7 (2), the forcing on a, in N5[G], is P(a, y). (D) in
N[ G] implies that P (a, y) has the Prikry property. The inductive assumptions
(A), (B) and (C) in N%[G] imply that P(a, v) is a a-weakly closed forcing and,
even more, if ((t; T;) ! £ < &' < a) are conditions in P(«, v) then (¢, ﬂm, T,) is
also a condition in P(«, y).

Now the proof is almost the same as the proof of Lemma 2.2. Just replace the
membership in U(x, 0) by being a y-tree. il

It is not hard to see that ({U(a, ¥, t)| t is a y-coherent sequence} is a normal
a”-saturated filter on a.

Notice, also, that if y =0, then U(«,0,{ ))is a normal ultrafilter. So we have
proved (A) for a. Let us show (B). There remains only one case.

LemmA 3.9. For every y + 1-coherent sequence t"{5 < a !I”((S) isay+l1-
coherent sequence} € U(a, v, t(y)).

ProoF. Notice that the nontrivial case is when the U-order of the maximal
element of £ is less than v, since otherwise every & with 0V (8) = y will be O.K.

Suppose r € G forces *“‘t(y) is y-coherent”. Then, in N,, ri, “t(y) is
y-coherent” and, if 07(a)=y+1>1, then rU{t(y), T}, “t(¥) (&) is
y-;- 1-coherent”, for some #,-name T of a y-tree with trunk t(y).

But then, by the definition of U(a, v, t(y)), the set A = {8 < & |0°(8) = y and
t(y)"(8) is y + 1-coherent sequence} € U(a, ¥, t(v)). So, t"(8) is y + 1-coherent
for every 8 € A, since the maximal £ € t — t(y) (if there is any) has U-order 7.

O

Let us prove (C). As above, it is enough to prove the following.

LemMA 3.10. For every +y-coherent sequence t, t if b,=0b,, then
U(a’ Ys tl) = U(“? Y, t2)‘

Proor. Let ACa bein V[G]. If A€ U(a, v, 1) (i =1,2), then for some
r€G, yY<a" and a ?,-name T, so that rU{(ﬂ,E)}E@f?,, in N3 ru
{<t'.-, THUP,Fa Eji(A). Let A € U(a, v, 1). Pick some r'=Zr, r' € G forces
“b,=b,”. (D) in N implies that the forcing used on a is P(«,y). Set

T.={L{8 v ‘ 8 > max tz}l vE T}

Then T, is a y-tree. Since for every 8 < v, U(q, §, 1.(8)) = U(q, 8, 1:(8)), by
the inductive assumption (C), in N3. Notice that b, = b, since by (D) for
B < a by consists of £'s with 0Y(£)<07(B).

Hence (t,, T>) is a condition in %(a, y). But its strength is the same as (t,, T\,
ie. (6, To)=(t, T)) and (t,, T)) = (t,, T>).
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Then
r U, T Up, & € j%(A).

So A € U(a, ¥, 1;). Hence U(a, v, 1) 2 U(a, ¥, 1)), but they are ultrafilters. So
U(Cl, % tl) = U(Cl, ’Y’ t2) D

It remains to prove (E).
Lemma 3.11. P(a,0Y(a)) has the Prikry property.

Proor. Let {t, T)E P(a,0"(a)) and o be a statement of the forcing lan-

guage.
Forne T, 8 <ywlo.g.,letevery B € Sucrs(n) have U-order 6, where as in
34

Sucr(n) = U Suc,s (n).

s<y
So every Sucys(n) € Ula, 8, n(8)). Each U(a, v, t) is an a-complete ultrafiler
on a.

Let us shrink T level by level to an 0Y(a)-tree T* with the trunk ¢ so that for

every v € T*, 8 <0”(a), B € Sucr-,(v) if for some T
(v(B), TH+H o

then

B, T o
and for every B’ € Sucs5(v)

B, T o
where i €2, "0 =0 'o=—10 and

T:ﬂ<‘3) = {V' (= T* ' v’ extendS VH<B)}

We claim that (¢, T*) decides o. Otherwise, some {t;, T ={t, T*) forces ‘o
(i €2). Let us pick such (t}, T}) so that |t} —t| is the minimal possible. We are
going to show that ¢} = t. It will imply the contradiction, since then (¢, T1 N T) is
in P(a,0”(a)) and is stronger than both (¢/, Ti) and (t;, T¢).

Let us prove that t), = t. The proof of t| = t is similar. Suppose that ¢, # t. Then

th=1t"v™B). Assume for simplicity that v =( ). Let 8 € Sucy-;(t) for some
8 <0Y(a). Then

(B, Trp) ko
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and so for every B’ & Suc,.5(t)
(tn<Bl>, TT”(;;») o

Cramm 3.11.1. For every &', OD(a)> 6'=98, every pB'e&Sucss(t),
(1B, T k0.

ProOF. Fix &', 8 < 8'<0Y(a). It is enough to find one B’ € Sucy(1) s.t.

(t(B", Ty ko

Let A =Sucy5(t). Then A € U(a, 8',1(8")). So for some r€ G, a 8'-tree T

with trunk ¢(8’) and y'<a”, in N3[G]
rUii(d), U p, k& €3(A).
Notice than the forcing on «a in N3[G] is P(a, §').

Since &'>8, Sucr;(1(8"))E Ula, 5,1(8)). Hence there exists some B &
Sucys (1(8) N Sucy-5(t). Then (1(8")(B), Tusys)=(t(8'), T) and hence, in
N3 [G] for some reG, r' =,

r'y {<;(8’)n<3>a T oyretUp, Fa €j5(A).

So A € U(a, 8',1(8')(B)). Let, then, B’ € A NSucy-,(t"(B)). Clearly, there
is such since (t"(B8))(8") = t(8")(B). The condition (t"(B, B"), T+ sz is stronger
than the condition (t"(B), Tis,) forcing o. On the other hand, B € b,. So
b,y = binggy. (C) implies then that for every 8” <0"(a),

Ula, 8", ((°(BY(8") = Ular, 8", (1”(8, B/ (3"))

since, clearly, b, @y = by @pmsy. Define T, = {v — (B)' v € Tiapot. Then T,
is an 0%(a)tree. So (BN, THE P(a,0"(a)) and it is the same as
(t™(B, B"), T.rppy). Hence, (t°(B"), T,) forces o. Then, also, (t"(B"), T, N T o)
forces o. So (t"(B8"), T ,*nq;.)) forces o, by the choice of T*. O of the claim

Cramm 3.112.  For every 8 < §, every B’ € Sucr (1), (t"(B", T?(BQ I o.

Proor. Fix 6'<6. It is enough to find some pB’ESucs-s(t) s.t.
(1"(B", T?‘(B’)) i o.
Let B =Sucs-5(t). Then for some r& G, 8-tree T with trunk #(8) and
v <a',in N3[G]
ru{{{(8), TH}Up, & € j3(B).

Let us define an 07(a)-tree T** with a trunk ¢ which will be a natural
intersection of T* with T,
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Set T**={t"(ry,...,7..)ET* | if i<n is maximal s.t. for every j=i
09(r;)< 8, then t(8) 7o, ..., ) E T).

Let  B'ESucr-,(t). Suppose  that ("B, Ties)¥ o  Pick
(B, oy oy Tuea), THZ (BN, T,*ﬁt,;/) forces —1 0. Wlo.g T,=Tirgroms.
Let i<n be maximal s.t. for every j=i 0Y(r;)<8 Then t*=
t(8)(B', 70, ..., ) € T. Picksome r' = r, r' € G forces (t*, T,-) € P(a, 8). Then

rrU{e, T U plika € j3(B).

Hence B &€ U(q, §,t*). Pick some B & BNSucy,(t™B',7,...,7)). Then
b = b:”(a',m,....m“(B) and for every 8" < OU(a)

by = b m...m YN BNB -

Define To=1{v ~{(B", 7. .., 0 v E Trigr o mihs
TZ = {Vn<Bl, Ty -y T,>‘ v e TT“(B)}'

(C) implies that T, is an 0Y(a)-tree with a trunk t™(B', 7u,..., 7, B). Then
(t"B', 70,..., 7, B), T2) is equivalent to (t"(B), T,*ﬁ(w) in ?(a,0"(a)). Hence

<tm<B', Tos -« -5 Tiy B), Tz> Fo.

So also (t"(B', 7o,..., 7, B), ToN Togrs ) 0
By Claim 3.11.1, we can replace 3 by any 8" € Suc-5(t"(B8’, 7o, .. ., 7)) for
8" =z 6. But it is impossible, since (t"(B', v, ..., Tu 1), Tir@m.m o) F =10 and, if
i<n-1, 00(7,»+1) = 6. Contradiction. [0 of the claim
(]

This completes the proof of conditions (A)-(D) for a. We defined Q, to be
P(a,0%(a)). Set P,., =P, *Q.. For every B=0"(a), the forcing notion
P(a, B) has the Prikry property and it is an a-weakly closed. So if 8 =07(a)isa
cardinal (it does not matter whether in V or in V[G] since they have the same
cardinals), then the forcing with %(a, B) over V[G] changes the cofinality of «
to cofV1°)(B) without adding new bounded subsets to a.

Mitchell [Mi 2] constructed a model with a*-saturated normal filter over «
concentrating on singular cardinals of cofinality & (for 8 < a). Such filters can be
defined in V[G], provided that & is a regular cardinal of V, §& dom, U and
0Y(a)> 4.

F =MN{U(a, 8,1)| tisa 8-coherent sequence}

will be such a filter. In case 8 =w just 0%(a)>1 is enough, since ¥ =
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ﬂ{U(a,l,t)It is a l-coherent sequence} is « '-saturated concentrating on
cofinality w.

If 0°(a)=a, then we can define F ={U(a, v,1)|y<0%a), t is a y-
coherent sequence}. F will be «"-saturated normal filter and for every B < a
the set {8 < a | cof1°Y(8) = cof 1°Y(B)} will be F-positive.

§4. The precipitousness of the nonstationary ideal

Let us describe first how to construct a model with NS, (the non-stationary
ideal over x) precipitous over an inaccessible k. Start with a measurable cardinal
x of the Mitchell order «. Pick a coherent sequence U of length [V =k +1 and
with 0V (k) = k. Let P, be the forcing notion defined in §3 for U. Let G be a
generic subset of .. Then every A € .- U(k, a) will be a fat subset of  in
V[G] (i.e., for every club CC«, A N C contains closed sets of ordinals of
arbitrarily large order-types below x). So, by Avraham-Shelah [A-S] it is
possible to shoot a club through A without adding new bounded subsets of «.
The problem starts when we try to iterate such forcing. We shall apply ideas of
[G 2]. We need to have a generic club through A N a inside V[G], for a lot of
a’s below k. In order to obtain it, we shall change cofinalities of both «, ™ to w.

In [G 2] we used a variant of the Namba forcing. Here we like to preserve
cardinals. A strongly compact Prikry forcing will be used.

Assume G.C.H. Let U be a coherent sequence as above. Assume, in addition,
that U(x,0) concentrates on « "-strongly compact cardinals «. For U(k,0)
concentrating on « -super-compact cardinals the proof we are giving works as
well. Let us change slightly the definition of #, of §3. Let

A ={a <k l a# dom; U, a is an a " -strongly compact cardinal}.

Then A € U(x,0). W.lo.g., we can assume that for every a € dom, (7, ANa¢€
U(,0). To obtain it just shrink the domain of U enough. For every a € A fix
some fine measure U(a) over 2, (a"") so that in the ultrapower by U(a),
[[id) o] = a™". .

We shall use the forcing of the kind of §§1-3 for the coherent sequence U.
Just, in addition, let us change cofinalities of every @, o to w for « in A. So we
define by induction the iteration 2, for a € the closure of {B ' BEAUdom, U
or =vy+1and y € A Udom, U}. Suppose that P, is defined and « € A. Let
(Ap I B < a'") be the W-least enumeration of all canonical 2, -names of subsets
of Pa”). Let

j: V> N=V"“"1U(a)
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be the canonical elementary embedding. In N there exists a set B cardinality
a** =|[id]! so that for every B <a™", j(Az) € B.

Pick in N7 the j(W)-least ?,.,-name of p € P,,,/P... deciding all the
statements “j(a")N[id]€b™ for b in B. It exists by Lemma 1.2. In case «
a*-supercompact, define an a "*-sequence of P, .,-names of elements of P;,\/P.
deciding all the statements j"(a ") € j(Az) (B < a™"), as was done in Lemmas 1.5
and 2.2,

Let G be a generic subset of ?,. Define now a fine ultrafilter U(a) over
P, (a") in V[G] as follows. Set C € U(a), if CC P.(a") and, in N”,

Ipj(a™)N[id]u € O™ EG,
incase P, /P, =, orif P, /P, #Dandforsome Ts.t. (D, T) € P,./P.,

1@, THU p (@) N [id]ue € (O € G.

The checking that such defined U(e) is a fine ultrafilter is as in Lemmas 1.5
and 22. Now let Q, be the strongly compact Prikry forcing with U(a).
Conditions in Q, are of the form (Q,,..., Q,, B), where (Q,,...,Q,) is an
increasing sequence of elements of P.(a«”) and B is a tree of increasing
sequences of elements of 2, (a ") so that Q, is contained in every element of
such a sequence and for every 1 € B, Sucs (1) € U(a). The forcing notion Q, is
a-weakly closed, has the Prikry property, and changes cofinalities of both a and
a’ to w. We refer to [P], {G 1] for detailed information on such forcing notions.

Define ?,., =2, * Q..

Now, for a« Edom, U, define .., as in §3; just to extend U(a,0) use
conditions in the strongly compact Prikry forcing with empty finite sequence.
This extension will no longer be a normal ultrafilter, but its normality was not
used in §3.

Fix now a generic subset G, of .. Set G, = G. N P,. Then every G, willbe a
V-generic subset of 2,. Let E € M- Uk, B). Set for y <«

E)={BeEl0°@®)zyamdEnBE N UB)|.

o<y
For every B € E(y), bs, the generic sequence to 3, is almost contained in E N 3.
The order type of b, is = vy. The set E(y) is in U(k, y) and, in particular, it is
stationary. Notice that, since P, satisfies k-c.c., by Baumgartner [B] every club
of k of V[G.] contains a club of « of V. So, if a set is a stationary subset of « in
V it is still stationary in V[G.]. The same holds if we replace k by a €A U
dom, U.
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Set E' ={a <k Ia is a measurable in V for every y<a, E(y)Na is a
stationary subset of «}.

Then E'€ (V.. Ulx, B). It is not hard to see that for every o € E' U{k},
E N« is a fat subset of o in V[G], i.e. for every club C C &, E N C contains
closed sets of ordinals of arbitrarily large order-type below a. Define by
induction the following sets:

E0={aEEﬂE' aEA}, fOrB, 1§B§K,

E,={a €E ﬂE’{Oo(a)=B and forevery 6 < B, E; Na € U(w, 8)}.

Then each E, is in U(k, B). Set E® = U{E, | B < «}.
Let a € E”U{k}. Define P[ENa] to be the forcing notion in V[G,]
consisting of all closed subsets of E N a and ordered by endextension.

LEMMA 4.1. For every a €E" there exists a V|G,]-generic subset of
P[ENa] in V[G...]

Proor. If a € E,, then the strongly compact Prikry forcing was used on «
and cof a” = cofa = w in V][G...]. Also, there is no new bounded subsets of «
in V[G..] Since ENa is a fat subset of a, the forcing P[E Na] is an
(a, 0)-distributive forcing notion in V[G,]; see [A-S]. Now the set of all dense
subsets of P[E N «] which are in V[G,] can be written in V[G.,.,] as a union of
w sets; each of them is in V[G. ] and has cardinality less than «. Then using the
distributivity of P[E N «a], we can define a set meeting all dense subsets of
P[ENa]of V[G.].

Suppose now that for every y < 8 <k, a € E,, the lemma is proved. Let us
prove it for B. So, let « € E; . We would like to find a V|G, ]-generic subset of
P[E Na] in V[G,+]. Consider the generic sequence b, to «. For some ¢ < a,
b, — & will be contained in every E; Na (8 <B). Denote b, — & by b. Let
(Ve ] £ < 1) be the increasing continuous enumeration of b. Define by induction
an increasing continuous sequence of closed sets (C; \ & < 1) so that

1) G e V[G,.]is a V[G,]-generic club through E N v,,

(2) C;., is an endextension of C,

@) for a limit £ C, = U{C,| & < &}.

Define C,., using the inductive assumption. Let us show for a limit §
C. = U{C.| & < & is V[G,]-generic.

Let D be a dense open subset of P[E N ¥ ] in V[G,,]. Then for some &' < ¢
D N P[E N ;] will belong to V[G,.] and it will be a dense subset of P[E N ;]
in V[G,.]. Since &, satisfies y;-c.c., (y§~| £" < £&) is almost contained in every
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club of vy, and for & < v, the forcing 2,./P;s does not add new bounded subsets
to 8. The C,. extends some element of D N P[E Nv,]. Hence C,, U{v,}
belongs to D. So also C,, extends an element of D. Hence C,, is a V[G,]-
generic club. It completes the induction. 0

E®e M, Uk, B). Replace now E by E" in the definition of E". Denote
(EM® by E®,

For @ € E? U {k}let PY[E N a]be aset of all pairs (C,, C,) so that C,, C, are
closed subsets of E, C,D C, and for every B € C,, C,N B is a V[Gg]-generic
subset of P[E N B}.

Lemma 4.2, Forevery a € (E"),, PV[E N a] is an (a, ©)-distributive forcing
notion in V[G.].

ProOF. Let B8 <« and (D, { v < B) be a sequence of dense open subsets of
PPE Na] in V[G,]. There exists a closed unbounded subset C € V of «a so
that for every vE€ C

N, =(V.{G.],€,?.,EN v,(Dy|y< ) <(V,[G.].€,%..E ﬂa,(D,|y<v)).

Since P, satisfies a-c.c. and « is a measurable in V, a €(E™"), hence
(EM)(B)N a is stationary.

Pick y € (EV)(B) N{¢| & is a limit point of C}. Then b, (the generic sequence
to ) has order type = S, and starting from some place 8 < vy is contained in the
club C Ny intersected with E” N v, which is a stationary subset of .

Let (B§\§<B> be the increasing continuous enumeration of the first 8
members of b, — 8.

Define in V[G,..] a sequence (q. | v < B3) so that

(1) 4. € PYE O B,n] N VG,

@) 9. =(G,, C\) and max C, = B, for i =0,1,

(3) q.+1 E D,

@) ¢ =q..

Consider first the successor stage. Inside N, ,, find some ¢.,=gq., q.€ D,.
Since B.., € E” by Lemma 4.1 there exists q,., = q, satisfying (2).

Let now v be a limit ordinal. Set g, =(C,,, C,,) where C, = U,..C., U {B.}
for i =0, 1. As in Lemma 4.1, such defined C,, will be a V[G,,]-generic club of
P[E N B,]. Hence ¢, € PY{E N B,..].

It completes the definition of (g, | v < B).

Set q =(Cy, C), where G =U,,C, U{U{B:|£<B}} for i =0,1. Then
g€, 4D, O
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Lemma 4.3, For every a € E® there exists a V[G,)-generic subset of
PULE N a) in V[Ga.i].

The proof is as that of Lemma 4.1; just use Lemma 4.2 for nonlimit stages.
it is possible to prove even more.

LEMMA 4.4. Let « € E? and let C,€ V[G,.\] be a V[G,]-generic club of
E N a defined as in Lemma 4.1. Then there exists a club C, € V[G,.,] so that the
set {{co, €1) ‘ ¢ is an initial segment of C, for i =0,1} is a V[G. ]-generic subset of
PY[E N al.

ProOF. Suppose first a € (E®),. Then in V[G..], ()" = U,c. B. where
each B, € V[G,] and | B;|V'%' < a.

Clearly, P'YE Na]=P{E Na]* Q for some (a,)-distributive forcing no-
tion Q. The forcing with P[E N «] preserves cardinals. So we can represent the
set of all dense subsets of Q of V[G.,, Cy] as a union of countably many sets each
belonging to V[G,, G} and of cardinality less than a. Hence, it is possible to
construct a V[G,, Cyl-generic subset of Q in V[G,..]. Just use the sequence
(B.: n<w) and that (a*)” =(a”)"'%% Hence there exists a club C, €
V|[G,.,] that satisfies the claim of the lemma.

Let now o € E® —(E®),. Then as in Lemma 4.1, generic using the generic
sequence b,, we construct the union of generic clubs that will satisfy the claim of
the lemma. O

Using Lemmas 4.1-4.4, the continuation of the construction became the
routine translation of [G 2} to our case. We leave the details to the reader.

To construct the model with NS, precipitous, for some regular u, we do not
need really a coherent sequence on « of the length x. A coherent sequence of
length p + 1 is enough. Just after the forcing with %, collapse k to p” using the
Levy collapse. Every E € [, ., U(k, «) will then be a fat subset of u*. Now
apply the arguments of Lemmas 4.1-4.4 and [G 2].

§5. NS, [ S saturated for S containing all the cofinalities

Assume G.C.H. Let U be a coherent sequence of the length [Y = k + 1 50 that
0Y(x) =k and U(k,0) concentrates on « '-supercompact cardinals.
As in Section 4, let

A=la<k I a €dom, U, a is an a *-supercompact cardinal}.

Then A € U(k,0) and w.lo.g. for every a Edom, U, A Na € U(a,0). For
a € A fix a normal measure U(a) over 2, (a”).
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Let us define now the preparation forcing notion 2,. Basically ?, will be as in
Section 4 but, in addition, we shall add a'-Cohen subsets to a, for every
inaccessible a below «.

Define by induction the interation P, for a € the closure of {8 < « '{3 is an
inaccessible or 8=y +1 and vy is an inaccessible}. Let us concentrate on
successor stages. For limit stages we refer to §81-3. So, suppose 2, is defined
and « is an inaccessible. Define 2,.,.

—

Case 1. aZ A Udom, U

Let C(a®)={f € V*=|f is a partial function from a* X & into {0,1}, | f|"" <
a}, i.e., the forcing for adding a*-Cohen subsets to .

Set Psi =P, % Cla’).

Case 2. a €A

In this case we shall first add o*-Cohen subsets of «, then define a fine
ultrafilter over ?,(a") and use it to change cofinalities of @, o™ to w. Let
(Ag ] B <a'")be the W-least enumeration of all canonical 2, * C(a*)-names of
subsets of ?(a"). Let

j: V> N= V% U(a)

be the canonical elementary embedding. Let G, be a generic subset of 2, and G
be a V[G,]-generic subset of C(a"). In N[G., * G] pick some q € C((j(a")),
q 2j"(G).

J(P, xCla™)=P*Cla)*Q*Q’,

where C(a")* Q is the forcing used on « in N and Q' = P, * C(j(a” )/ P. ...
Now using Lemma 1.2, define in V[G, * G]° an E-increasing sequence
{ps ’,B <a"") of E-extensions of g so that in N[G, * G]°

"

Perilbo j' (@) Ej(AR) for every B <a’".

Define now a fine ultrafilter U(a) extending U(a) in V[G, * G] as follows.
Set C€ U(a), if CC P.(a”) and for some B<a*", r&G,*G,in N

r "‘.«»,.*C(.,’)(Pa "‘()']w d*)ej(C))
in case Q =, or if Q#(J, then for some T s.t. (&, The Q
2, T) o APs For J° d+)E].(C))-

The checking that such defined U(a) is a fine ultrafilter is as in Lemmas 1.5 and
22.
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Let, as in §4, Q, be the strongly compact Prikry forcing with U(a) in
V[G. * G). Define 2.., to be 2, *(C(a”)*Q,). Notice that the forcing
C(a")* Q, is isomorphic to the following forcing notion, Q ={(t,q, T) | tEVis
a finite sequence, g € C(a"), q L TYE Q). Qis clearly a-weakly closed and
has the Prikry property.

—

Case 3. a<Sdom U

Force first with C(a*) and then define %, ., as in §3. The additional arguments
needed here are really contained in case 2. @,., will be
P, *(C(a*)* P(a,0%(a)). As in case 2, Cla")* P(a,0%(a)) is isomorphic to
a-weakly closed forcing satisfying the Prikry condition.

Let

S ={a € dom, f]!forsomeB,O<B<K,OU(a)=B+B}.

Then S € MNy_s-. U(x, B+ B). Denote by S, the set {a €5]0%(a) =B + B},
for 0 < B < k. Clearly every S, is a stationary subset of «. Let G, be a generic
subset of .. Then every S, remains stationary in V[G,], since P, satisfies
k-c.c. Also, for every regular cardinal p <k of V[G], every « €S, has
cofinality p in V[G].

We shall define a generic extension of V[G.] in which the filter
Mo-s-. Uk, B+ B) extends to the closed unbounded filter restricted to S.
Notice that k — S is a fat subset of k,in V= Since for every regular pu < k, @ <
with 0Y(a) = u a closed unbounded subset of the generic sequence b, is disjoint
from S. So, by [A-S], the forcing notion P{x — S] (see §4 for the definition) is
(k, )-distributive. We shall use Woodin’s trick first to destroy a stationary set
and then to shoot clubs avoiding its subsets by closed forcing. The forcing
P{k — §]* C(x™) will destroy S and add clubs avoiding subsets of S. We shall
embed P[k —S]* C(«x") into the forcing notion C(k")* P(k,a) for every
@ < k. Namely, we shall show how to pick in V7€ 5 Y2+ geperic
subset of P[k — S]. Notice that

Pk =S]*C(k")= C(xk")x P[x = S].

Set §'={a <k !in V, « is a measurable and forevery y <a {B < a |OO(B)§
vy} is a stationary subset of a}. Then $'€ 4., U(k, B) and for every a €
S"U{k}, @ — S is a fat subset of a in V[G,], where G, = G, N P, for some
fixed generic subset G. of ?,. Define by induction the following sets:

SO)={aeSla €A} forp, 0<B=x;
S(B)={a €5'|0°(a) =B andforevery & < B, S(8) N a € Ul(a, 8)).
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Set §*=U,..S(B). Then S*€M,_. Uk, B). Let G(a*)= G, N C(a*) for
every @ € §*.

LeEMMA 5.1.  For every a € S* there exists a V|G, * G(a")]-generic subset of
Pla — S} in V[G.+).

Proor. Note first that for « €S*, a—S§ is a fat subset of a in
VI[G. * G(a")], since @ — S is fat in V|G, ] and the forcing C(a”) is a-closed.
By [A-S] the forcing Pla —S] is an (e, *)-distributive forcing notion in
VIG, * G(a™)].

If & € S(0), then the strongly compact Prikry forcing was used on « and so
cofa =cofa” =w in V[G,.]. There is no new bounded subsets of a in
V[G..1). Then, as in Lemma 4.1, there exists a V[ G, * G(a")]-generic subset of
Pla — S] in V[G..}.

Suppose now that for every y < 8 <k, a € E, the lemma is proved. Let us
prove it for B. Consider the generic sequence b, to a. Clearly, d, = b, — S will
be closed unbounded in «. Pick some & < « so that d, — £ is contained in every
S(6)Na (6<pP). Denote d,—¢ by d Let (v ‘ £ <) be the increasing
continuous enumeration of d.

Define by induction an increasing continuous sequence of closed sets
(ce 1 £ < 1) so that

(1) ce € V|G ] is 2 V]G, * G(y{)]-generic club through y, - S,

(2) ¢¢.1 is an endextension of ¢,

(3) for a limit & ¢, = Ufce | & < &}.

We define c;., using the inductive assumption. Let us show that for a limit £
ce = Ulee } &< ¢t is V[G,,x G(yy)]-generic. Let D € V[G,,* G(y;)] be a
dense open subset of P[y.—S]. Then for some n<(yi) ‘¢ =(y1),
D &€ V[G,*G(y:)I n], where G(y¢)I n are n-first Cohen generic subsets of
e, since Py — S] is a set of cardinality y,. Denote by C(n) the forcing for
adding n-Cohen subsets to v,. Let us assume for simplification of the notations
that n = v,. Otherwise just use an appropriate coding of 5 by a subset of v,. By
the choice of ultrafilters U(y:, v, t) (v <0”(y), t a v-coherent sequence)

{a <y |[(Giy)le)Na =G(a")a} € Uly,, »,1).

Then starting with some ¢’ < ¢, d will be contained in this set. For the same
reason, for some £*, &' = £* < ¢ for every &, £* = &' < ¢

D N Ply,— S]€ V[G,.* G(y:)]

and it is a dense subset of Py, —S]. Then c,,. extends some element of



310 M. GITIK Isr. J. Math.

D N Py, — 8. So, c,,. U{y,} belongs to D. Hence, also c,, is an extension of
an element of D. So ¢,, isa V[G,, }-generic club. It completes the induction. [

For y <k, denote by j¥ the canonical elementary embedding of V into
NY = V*/U(k, vy).
Applying Lemma 5.1 to « in N” we obtain the following.

LEMMA 5.2. Let y <k, G.., be a generic subset of P... over N*. Then in
N”[G..] there exists a V|G. * G(k")}-generic subset of P[x — S].

For a forcing notion P let us denote by RO(P) the complete Boolean algebra
of regular open subsets of P.

LEmMMA 5.3. For every v <k, RO(P[x — A]* C(x")) is isomorphic with a
complete subalgebra of RO(C(k™)* P(xk, y)).

Proor. In N7 the forcing used on « is C{x")* P(k, y). Let G(k")* G’ be a
V[G.]-generic subset of C(x")* P(k, y). By Lemma 5.2, in V|G, * G(x ") * G']
there exists a V|G, * G(k ")]-generic subset G” of P[k —S]. Then G"* G(x")
will be a V|G, ]-generic subset of P[k — S|* C(x*). g

Further, we shall identify Pk —S]*C(x") with subalgebras of
C(k")* P(k, a) isomorphic to it.

We are now ready to define the main forcing. It will be a subordering of
Plk ~ S}* C(x*).

Work in V[G.]. Let X be the set of all P{x —S]* C(«x")-names a of pairs
(p, a) so that a < k, p € P[k — S]* C(x") and if (p, a), {p2, @) € @, p, # p- then
1, p» are incompatible. Clearly, every subset of k in V[G,]"**"“*" has a name
in X. Since P[x —S]* C(x") satisfies «'-c.c., the cardinality of X is «". Let
{a, | « < k") be an enumeration of X such that every a € X appears «“-many
times. Let also a,=S.

a <k'), <ng 8 <«k',y=1y"+y'forsome
v, 0<y' <k), (qgl 8 <«k", y=v"+v' for some y', 0<y'<k) so that

(1) {(B. la < k') is an increasing sequence of complete subalgebras of
Plk —S]*C(x"),

(2) for every vy s.t. y=v'+%' for some y', 0<y' <k, (pz! &< k') is an
E-increasing sequence of elements of

P (Pex C()* P, YN P+ C(k7)* Pk, y),

(3) forevery ys.t. y =y + v/, for some y', 0< y' <, for every 6 < k", q}is
a p[j”(x — S)}-name of an element of B;. For 8, <8, <«", q}, is forced to be
stronger than ¢3,.

Define by induction sequences (B,
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Set By#OD, pi=0, qi=3. Let B, =RO(P[(x—S)US], pi=0C.
Define ¢;. B, is naturally embeddable into RO(P[«x — S]* C(x *)). We identified
RO(P[« ~ S]* C(x ™)) with the complete subalgebra of RO(C(x ")* P (k, y)). So
in N”|G.), j"(P.)! G. we have the canonical name G{B,) of a generic subset of
B,. Set

q7=U G(B) Uk} U{minG(P[j"(x —~ S)))— «},

where G{P[j"(x —S)]) is the canonical j"(%.)-name of a generic subset of
Pl (k- S)].

Before turning to the general case, let us do one more step and define B, p3,
q3. Consider a,. If a, is not a B,-name, then set B, = B,, pJ=p{ and qJ = q;.
Suppose now that a, is a Bi-name. Forevery y=vy'+y',0<y <k, let §" be a
P[j"(x — S)}-name of an element of j7(B,) above ¢ deciding the statement
“k €j(a))”. Let also U q” € G(P[j”(x — S)]). Pick p? to be an E-extension of
p, forcing “g" IF(x €j"(a)))” or “§”" F(xZj"(a)))”. It exists by Lemma 1.4.
Notice that we identify P[j*(x —S)] with a complete subalgebra of
C("(k"))*P(j (), y). It does not matter here which embedding we pick.
Moreover, C(j" (k) * P(j” (), v) can be replaced by any other forcing includ-
ing P[j"(x — S)] and satisfying the Prikry condition.

If for some y=vy'+v', 0<y <k,

then set B,=B,, q7=¢q".
Suppose otherwise, i.e. for every y =y'+ vy, 0<y' <k,

pIF(G7 Ik €7 (@) P £

C(e PP (,y)/ B

1=]pIr (@ Fx € (a))]

Then set B,=B,*RO(P[(k—S)Uaqa]). B, is embeddable into
RO[P(x — S]* C(x")) by an embedding extending the embedding of B, since
after the forcing with P[x —S], B, B: became k-closed forcing notions of

cardinality x and hence they are isomorphic to the Cohen generic subsets of «.
Set

q1=(3", U G(Pl(x — S)Ua])U{x}U{min G(P[j"(x — S~ «}),

where G(P[(k —S)Ua,]) is the canonical name of a generic subset of
Pl(k —S)U ay).

Let us give now the definitions in general case. Let a <«k" and below «
everything is defined. For successor ordinal a the definitions are as in the case
a =2. Suppose now that « is a limit ordinal. Set B, to be the direct limit of
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(B; ’B < a) if cof @ = k, or B, = the inverse limit of (B IB <a)if cof a <«x.
Notice that C(x™) is isomorphic to the iteration of Cohen subsets of « with
< k-support, i.e. the direct limit, for cof @ =k, and the inverse limit for
cof a < k. So B, (@ < k”) will be embeddable into RO(P|x — S}* C(«x ")) by an
embedding extending the embeddings of Bg’s for 8 <a. Let y =7vy'+ v’ for
some y’, 0 <y’ < k. Set P! a name of the E-extension of <ng B < a). It exists by
Lemma 1.2. Finally, set g = the coordinate union of (q;‘ B < «a). Then q will
be a P[j"(x —S)l-name of an element of B,, since for every B <a,
max q} € G(P[j"(x — S)]) which is a closed unbounded subset of P[j”(x —S)]
and g} is allowed to enter j¥(x — S). It completes the definition.

Set B to be the direct limit of (B, ] a < k). Let G(B) be the V[G,]-generic
subset of B. Let U* = {x € P(x)"'%"*®|for some a < «*, for some P, * B-
name x of x, for every y =y + v/, 0 <y <k,

T=lpiir (g & € j (x)) 7o),
LEMMA 5.4. U* is the closed unbounded filter over k restricted to S.

Proor. Let us show first that U* contains the closed unbounded filter over k
restricted to S. Let x C k be such that for some club CCk, xNSDOSNC
There exists « < k* so that x, C € V[G, * G(B,)], where G(B,)= G(B)N B,,
since B is a complete subalgebra of RO(C(x")* P[x — S]) satisfying «*-c.c. But
then

1=llpZk (g2 & €/7(S N €)2j7(§ Nx)errevates,

Hence x € U*.
Suppose now that x € U*. Then for some a <«”, x € V[G, * G(B,)]. Let
B = a be such that

1= lphi (@5h & € 7 (e[ or e,

Then for some 8 = B, Bs.; = B; * P[(x — S)U x]. Hence S N x contains a club
intersected with S in V|G, * G(B;)]. O

LEMMA 5.5. U* is the k"-saturated filter in V|G, * G(B)].

Proor. The set S € U* and S is the disjoint union of S,’s, where y =
Y+y,0<y' <k S, ={a <k ’00(01) = y}. It is enough to show that for every
y=7"*+7y,0<y'<x

U*IS, ={xC«|(S,nx)U(x—S,) € U*

is x "-saturated.
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Let us fix . Suppose x C « is a U*| S, -positive set. Pick some a < k" so that
x € V[G, * G(B,)] and a, is a B,-name of (S, —x)U (x — S). Then for every
8#y

Clx T P(x.y)G(B,)

1=|p2F(gha & €°(a.))]
Since S, —xZ U*[S,,
LApY ok (gl k& €7 (a,)| 7o,

Hence for every U*[S,-positive set x there exists a condition ¢ €
C(k")* P(k,v)G(B) and a < k" so that

L=]lpuk (gl & €7 ()|,

If x,, x, are U*[ S, -positive and x, N x, is not U* [ S-positive then t,,, ¢., are
incompatible. The forcing C(kx*)* P(k, v}/ G(B) satisfies «*~-c.c. Hence U*[ S
is k "-saturated. O

LEMMA 5.6. For every y=v'+v', 0<y <k, S, remains stationary in
V|G = G(B)].

ProoF. Suppose that for some vy there exists C C « club CN S, =0. Pick an
a <« so that C € V|G, * G(B,)]. Then, in N"{G. * G(B,)]

g (k €j7(C)N7(S,)and j*(C)N j(S,) = D)
which is impossible. |

Tueorem 5.7. In V|G, * G(B.)], NS, 1S is k'-saturated and for every
regular a <k, SN{B <« }cf B = a} is stationary.

Added in proof.

1. S. Shelah [S] defined a generalization of the iteration of §1 which it is
possible to use for small cardinals.

2. It is impossible completely to remove the assumptions on U, in Theorem
I, but it is possible to replace them by some which do not even require 3«
o(k)=«"".

3. It is possible to drop the assumption that U, is concentrated on a*-
supercompact cardinals a in Theorem II. The idea is to start with a coherent
sequence (U, la < k) so that U, is a non-minimal Q-point and U, (a >0) is
normal. By [G 3] it is possible to obtain such from a measurable. Let U =gk U,
be normal. Pick AyC « which belongs to U,— U and does not belong to
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Woeuenr U,. Let S be as in the proof of the theorem. For most «’s in A, force
with Pla — S]* C(a™). For a € « — A force as in §5. By the choice of Ay, U,
extends to a k-complete ultrafilter Uj. U§ will still be Q-point since the forcing
satisfies «-c.c. Then every Prikry sequence for U¥ is almost contained in any
club of k. So it is possible to pick a generic subset of P[a ~ S] as in §5. It is
possible to iterate the forcing notions Pla — S] preserving the cardinals by the
choice of S.
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